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In this paper we investigate properties of a subspace X spanned by a
Chebyshev system on the circle. In particular we show that the set of operators
for which X is a positive operator Korovkin set is equivalent to the set of
operators for which X is a determining set. These results are obtained by
applying uniqueness properties of the moment problem.

Let C -~ C(T) be the Banach space of real-valued continuous functions on
the circle 7 with the uniform norm. We denote by #4(C) the space of all
bounded linear operators on C. Let C* be the space of all bounded linear
functionals on C. For an operator S in #(C) let S* be the dual operator
defined on C*. For a point p in T. let p denote the functional in C* given by
evaluation at the point p. Suppose g is a function on a set 4 containing the
set B. Then g g is the restriction of g to B.

We define .7 to be the cone of positive linear operators in #4(C): l.c..
Se.7 if f =0 mplies Sf > 0. We say that a subspace X of Cis a .7 -
determining set for an operator S in .7 if for any R in .7 the equality
Rf - Sfforall fin X implies R - S. This concept was introduced by Shashkin
[10]. We say that X is a .7 -Kororkin set for an operator S in .7 if for any
sequence {S,} in Z. the convergence of S,/ to Sf in the uniform norm for
all fin X implies the convergence of S, f'to Sf for all fin C. Korovkin sets of
this type have been investigated by Micchelli [7, 8], Cavaretta [1], and the
author {9]. Let .Z. be the cone of positive functionals in C*; i.e., pc ¥ il
[ 0 implies u(f) .= 0. The corresponding concepts of an ¥ -determining
set and an % -Korovkin set for positive functionals are defined in the obvious

way.
Let X in C be the linear span of a fixed but arbitrary (2 + I)-dimensional
Chebyshev system {u , ty ..., is,,. Let K be the positive cone in X*. Define

* This paper is an extension of results included in the author’s doctoral dissertation
written under the supervision of Professor L. B. O. Ferguson.
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M ip y:peT). Clearly, M C K. In fact, for each = in K there exists

an integer | << n < 2m -+ | such that

h

> :x,-f),-! where ~, =0 and p, e (1 =Zi-=<n). (1)
X

iel

=1

We denote the smallest possible # for which (1) holds by /(7). If p is a func-
tional in . with exactly n points in its support or carrier, then we denote »
by ().

The following is our main result.

THeorEM 1. Let R be an operator in 7. . The following are equivalent:
(1) X is a7, ,-Kororkin set for R,
(i) X is a T_-determining set for R,
(iity  for each p in T, we have [(R*p) = m.

First we note that the implication (i} - (ii) follows easily from the observa-
tion that if S y == R | for some operator S'in .7 _ then a sequence {S,! in 7.
is constructed by defining S, = § for all # > 1. The implications (ii) -~ (iii)
and (iii) —» (i) will follow directly from Lemma 6 and Lemma 3, respectively.

Theorem | also holds when the circle 7 is replaced by a closed interval
[a. b] of the real line. This result is due to the author [9]. However, the present
setting appears to be more appropriate because a more concise theorem and
proof are possible.

We use the following two results. The first characterizes Korovkin sets
{see Micchelli [7] or Ferguson [3]). The second (see Karlin and Studden |3,
p. 181]) gives conditions under which the moment problem has a unique
solution.

THIOREM 2. For a functional p in ., a subspace X is an ¥£,-Korovrkin
set for if and only if X is a ¥, -determining set for u. For an operator Rin 7,
a subspace X is a 7 ,-Korovkin set for R if and only if X is a T -determining
set for R*p for each p in T.

THEOREM 3. A functional T in K is a boundary point of K if and only if
=) ~ m. Furthermore, each boundary point admits only one representation (1).
Similarly. for each interior point of K and any t in T there exists a unique
representation (1) such that n = m - | and t is in the support.

The following two lemmas parallel Micchelli’s results [7] for continuous

functions on a compact interval of the real line.

Lemma 4. The subspace X is an ¥, -Kororkin set for w in %. if and only
ifl(p)  m.
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Proof.  Suppose X is an ¥ -Korovkin set for y. By Theorem 2. X' is an
& -determining set for . If "y is an interior point of K, then foreach rin T
there exists a representation (1) with ¢ in the support. However. these re-
presentations would not all have the same extension to C. This is a contradic-
tion. Therefore u y is a boundary point of K. By Theorem 3. /(p) -~ .

Conversely, suppose f{n) = m. By Theorem 3. iy is a boundary point of
K and p 'y admits a unique representation (1). Suppose there exists 7 in &
such that 7 = 'y, but 7( g) # wut g) for some g in C. There exists (see
Holmes [4, p. 84)) ~,  Oandp,in 7.1 -~ i - m - I such that for

o Z P, (2)

i1

we have ¢ iy - 7 y = p y, but o(g) - 7(g) 7 pl(g). This contradicts the
uniqueness of representation (1). Therefore, X is a ¥, -determining set for p.
By Theorem 2. X is a .. -Korovkin set for u. The lemma is proved.

LEmMMA 5. The subspace X is ¢ T -Korovkin set for an operator R in 7
if and only if for cach p in T we have ILR*p) - m.

Proof. This result is a consequence of Theorem 2 and Lemma 4.

Shashkin [10] investigated the .7 -determining sets for an operator {rom
C(Q) to B(Q) where Q is a compact metric space and B(Q) is the space of
bounded real-valued functions on Q with the supremum norm. He has
shown: If a positive operator .S has an n-dimensional .7 -determining set.
then the support of the functional S*p for each p in Q contains at most nn |
points. The proof of this result depends upon the fact that the range space is
B(Q) and does not extend to the present case. Using different technigues we
obtain a similar result in the more natural situation where the operator has
the same domain and range.

LEMMA 6. If X is a T ~determining set for an operator R in 7 . then for
cach p in T we have HR*p) -~ m.

Proof. Suppose X is a .7_-determining set for R in .7 . First. we show
how to define an operator § (depending on ¢ in T) by defining $*p for every
p in T. The operator S will satisfy I(S*p) -~ m ' I and agree with R on ¥
and, therefore. on C. We then show I(R*p - m).

Let ¢ be a fixed, but arbitrary element of 7. For each p in 7 we select a
representation denoted by 7(p) for (R*p) y of the form (1). Given such a
representation there exists the natural extension denoted by o{ p) to all of C
of the form (2). The choice of representation (1) depends on the location of
(R*p) ¢ as follows: If (R*p) y is in the boundary of K, then by Theorem 3
there exists a unique representation 7(p) in X* of the form (1) such that for
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the extension o(p) we have I(a(p)) =< m. If (R*p)', is not a boundary point
of K. then there exists a unique representation 7( p) of the form (1) with 7 in
the support and I(o(p)) == m - 1. Let S be the operator on C defined by
(SHUPY - (ol P).

According to the standard representation theorem (see Dunford and
Schwartz [2, Theorem VI.7.1]), S is an operator in A(C) if

(i) sup{ o(p):pe T s finite;
(if) the map p — a( p) is continuous with the weak™* topology of C*.

Since X is spanned by a Chebyshev system there exists a function g in X
such that ¢ "> 1. Then

Lol pli = (a(p)X]) = (a(p)) &)
= (r(p)g) = (R(Zp) (3)
“ 1 Rgl - ¢

Therefore (i) holds. This last equality defines the constant c.

We claim o(-) is & continuous function into C* with the weak* topology:
ie., if p, — pin T, then (a( p )N S) — (a(p))(f) for all fin C. If 7(p) is in the
boundary of K, then, since I{o(p)) <. m and (a(p,))(f) — (o( p))f) for all
in X, we have, by Lemma 4 that (o(p,))(f) — (a(p)(f) for all fin C.

Suppose 7( p) is not in the boundary of K. Let ¢B.* be the closed ball in C*
centered at 0 of radius ¢. By (3), ¢B.* contains {o(p,)!. By the Banach-
Alaoglu theorem, ¢B.* is weak* compact. Hence, it is sufficient to show that
the only weak™ cluster point of {a(p,)} i5 o(p). Let n be any cluster point of
{o(p,)i. Since C is separable ¢B.* is metrizable. Thus, there exists a sub-
sequence {a(p,,j)} such that a(p,,j) — o in the weak* topology of C*. It is
easily seen that /{u) << m -+ 1. Since

a( Pn,)‘,\’ o (R*i)'n]-)v\,’( g (R*f)) x = olp)y

we have p 'y == o(p)ly .
We wish to show that 7 is in the support of u. We assume not and arrive
at a contradiction, Let

O’(pn)) o P(Pn) o Bn,f
where £, 0 and such that ¢ is not in the support of p( Pn) This is possible
since f(o(p,)) << m -~ 1. From the construction and by Theorem 3, it is
easily seen that I(p(p,, ) < m.
By Urysohn’s lemma there exists a nonnegative function g in C such that
g(r) ~ I and u(g) = 0. Thus,
((7( pn,))( g) o (,0( /771/))( ((\r) h Bu

- ulg) = 0.



[N
oC
2

MICHAEL D. RUSK

Since (p(p,l/))(g) = 0 we have B,,( > 0. As ptp,) > in the weak™* topology,
we get I(p) <= m. By Theorem 3, it [y -~ o(p)ly == 7(p) is a boundary point
of K which contradicts our original assumption. Hence, ¢ is in the support of
/L.

Since ¢ is in the support of w and f(n) - m - I, by the uniqueness of the
representation 7(p) we have o(p) = u. Since o p) is the only limit point of
{a(p,)}. (1) holds. By the representation theorem S is an operator in .7 .

Since X is a .7, -determining set for R and since S y - R , we have
S = R. Consequently, I(R*p) == I1(S*p) = Ho(p)) == m -+ Vforall pin T,

Suppose there exists p in 7 such that J(R*p) = m - 1, i.e, (R*p) v is in
the interior of K. Let ¢ be a point in 7 such that 7 is not in the support of
R*p. Since t was arbitrary in the above argument, there exists S in 7 such
that 7 is in the support of S*p and S - R. Therefore, 7 is in the support of
R*p. This is a contradiction. The lemma is proved.

If X is not spanned by a Chebyshev system, Theorem | is not true as the
following example shows. Let Q -: [ m, 7] and let X be the linear span of
{1, sin, cos}. We claim that X is a.7" -determining set for the identity operator
Ton C — C(Q).

Suppose for some positive operator S in A(C)that Sy [/ y. Foranyp
in (—7r, ) there exists a function g in X such that g(p) -= 0, but g(¢) - 0 for
¢ in Q, g # p. Namely, g(t) = 1 - cos p cos 1 — sin p sin f. Since (Sg)(p) -
(Ig)(p) =~ 0 and since S$*p is a positive functional, the support of S*p is
contained in the set {p!. However, (S1)(p) -~ (I p) = |. Hence, S*p ~ p
for all p in (~—~ar, 7). Since S is in #(C) we have $*p — pforall pin [ 7. =],
ie.,, S - I The claim is true. However, since #'!y — (-~ )" 'y and by
Theorem 2, X is not a -7 . -Korovkin set for /. By the same argument we have
the following corollary.

CoROLLARY 7. Let Q be a compact Hausdorff space. let R be u positive
operator in H(C) where C = C(Q), and let X be a subspace of C. If there
exists a dense set Pin Q such that for p in P we have that X is an &, ~derermining
set for R*p, then X is a T . -determining set for R.
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